Abstract: Using the method of Hel er and Sj ostrand we construct almost invariant subspaces for multicomponent Klein-Gordon hamiltonians. As an application, we prove that, in the semiclassical limit and for analytic potentials, the scattering operator is block diagonal up to exponentially small errors.
Introduction
In this paper we consider the semiclassical limit for matricial Klein-Gordon operators; the problem we shall consider is the extension of the reduction scheme of regular perturbation theory, which in our case amounts to reduction of the spectral and scattering problems for the matricial case to the corresponding ones for "scalar" e ective hamiltonians. In regular perturbation theory Ka] , the main step of the reduction scheme is the construction of perturbed invariant subspaces corresponding to the isolated parts of the spectrum of the unperturbed hamiltonian. Although the semiclassical limit can be viewed as a perturbation theory, it is a highly singular one so perturbed invariant subspaces may not exist and then one has to look for almost invariant subspaces as in the case of singular perturbation theory or adiabatic expansions Ne1, Ne2] . As well known, the natural framework for the semiclassical limit is the theory of pseudodi erential operators and indeed our construction of the almost invariant subspaces rely heavily on pseudodi erential operators techniques, more exactly on the construction of Moyal projections i.e. of orthogonal projections in the algebra of formal symbols which (at the formal symbols level) commutes with the symbol of the hamiltonian. There are many methods of constructing Moyal projections HeSj, EmWe, BrNo] and we shall follow the method of HeSj] which is close in spirit with the Rellich-Kato perturbation theory. In the construction out of the formal Moyal projection of a bona de orthogonal projection which almost commute with the hamiltonian we follow the procedure Ne1, Ne2] used in singular perturbation theory.
We use the existence of almost invariant subspaces to prove the main result of the paper: under appropriate analytic and decay conditions on the potential, the matrix elements of the scattering operator have, up to exponentially small errors, a block diagonal structure. Results on almost diagonal structure of the scattering matrix at xed energy were obtained before in Be, BeMa, MNS, Na] both for Klein-Gordon and Schrodinger cases, by the method of phase space tunnelling developed by Martinez Ma] (see also MarNe] where almost invariant subspaces at xed at xed energies were constructed in the case of the one-dimensional Schrodinger operator, for energies above the potential barrier). Aside from more restrictive conditions on the potential the results quoted above were proved only for nontrapping energies a condition which implies the absence of resonances close to real axis and it is not valid in general at low energies (which are the most interesting from the physical point of view). Our results are valid also for the trapping energies but are weaker in the sense that involve an averaging over intervals of energies (see Section 3 for precise formulation and a heuristic discussion of its signi cance).
Our result on the existence of the almost invariant subspaces gives also the existence and the control on the (exponentially long) life time of metastable states (quasi-modes) in the semiclassical limit for trapping energies. Let us mention here that in many instances (see e.g. St]) one can make the connection with the resonances de ned as poles of the resolvent of scattering operator. In the cases when this connection can be made this implies that the imaginary part of the resonances is exponentially small. Although, in order to keep the length of the paper at a reasonable length, we consider here only the analytic Klein-Gordon case we expect the methods developed here to be relevant to a much broader class of problems such as time dependent Born-Oppenheimer approximation HJ1, HJ2] , dynamics of crystal electrons in weak external elds HST, Ne3], dynamics of Pauli-Fierz model TS] etc.
The content of the paper is as follows. In Section 2 we give, at a general heuristic level, the construction of almost invariant subspaces.
Section 3 contains the technicalities in the case of analytic Klein-Gordon matricial operators as well as applications to their spectral and scattering theory. Finally, in the appendix we recall some facts from the theory of pseudodi erential operators. (2.14)
For applications to spectral and scattering theory one would like to construct almost invariant subspaces which amounts to construct out of j an orthogonal projection 2 = = (2 
Further, since R n is contractible, one can nd Q(x) (see Lemma 3.6 for an explicit construction in our case) unitary in C n and satisfying 0 (x) = Q(x)P 0 Q (x) with P 0 = 1 p 0 0 0 ! where p = dim 0 (x) (which does not depend upon x) and then H eff := QH Q (2.30) has a almost block diagonal forma with respect to the decomposition
In this way, up to a unitary transformation and errors of order s( ) the study of H in L 2 (R n ) m is reduced to the study of two operators in (L 2 (R n )) p and (L 2 (R n )) (m?p) respectively. If one assume that all the m eigenvalues of h 0 (x; ) remain isolated over all R 2n , one can make a complete diagonalization which reduces (up to errors of order s( )) the study of the m-states hamiltonian H to the study of m scalar operators in L 2 (R n ). The above construction works nicely if j (x; ) are bounded as it is the case for Klein-Gordon or Dirac operators. Unfortunately, this is not the case in the Schr odinger case where j (x; ) behaves like h i j as j j ! 1 irrespective of how nice the potential is. As a consequence a block diagonalization valid on the whole L 2 (R n ) m seem not to exists (in concordance with the physical arguments saying that the adiabatic decoupling becomes poorer and poorer as energy increases (see also the remarks in MarNe])). However one can still hope to have it as far as the energy (and then j j) remains bounded. One can show (see : So] ) that this is indeed the case and the idea is to replace^ witĥ 
Here a( ) = ( p 2 + 1 ? 1), 1 2 is the 2 2 identity matrix and V (x) is a 2 2 hermitian matrix valued function that admits an analytic extension in some strip ? a = fx 2 R n ; jImxj < ag; a > 0:
(3.2) Moreover, since we have in mind application to scattering theory we assume that V (x) to be 00 short range 00 i.e. there exists a hermitian 2 2 matrix V 1 such that Sup where ? x; = fz 2 C ; jz ? a( ) ? 1 (x)j = d=2g satis es (2.5) and (2.6).
Plugging the estimation (3.17) into (3.19) nishes the proof of Lemma 3.2.
End of the proof of Theorem 3.1. Let^ N be a resummation of the formal analytic symbol as given in the Appendix i. Remark 3.8
As in the case of , from (3.44) one sees that H eff is exponentially close to a pseudodi erential operator and again the results in DiSj] enables to show that in fact H eff is a pseudodi erential operator. Let us stress here that the constructive proof above provides the means to compute e ectively the formal symbol of H eff .
The following lemma allows to replace H by H eff when computing the scattering operator.
Lemma 3.9 LetS be the scattering operator corresponding to the pair H eff ; H ;0 . and using (3.62) and (3.63) and Lemma 3.9, (3.56) follows.
SinceS commutes with H ;0 , one can de ne the scattering matrix at xed energyS( ). Let us stress that Theorem 3.10 does not imply the corresponding result forS( ); when shrinking the supports of 1 and 2 the constant C( 1 ; 2 ) may blow up. At the heuristic level the reason for this blowing up is clear: Corollary 3.7 (via the Duhamel's formula) implies that the transitions per unit time between the two levels is exponentially small, but if, at the given energy, there is a resonance very (exponentially) close to the real axis, it has an exponentially long life time and during this time considerable transitions can take place. Accordingly, one expects exponentially block diagonalization ofS( 0 ) only if there are no resonances around 0 or in other words ifS( ) is smooth in a neighborhood of 0 . Under some more restrictive conditions on the potential, results of this type were obtained in Be, BeMa, MNS, Na] both for Klein-Gordon and Schrodinger cases, by the method of phase space tunnelling Ma] . See also MarNe] where almost invariant subspaces at xed 0 were constructed in the case of the one-dimensional Schrodinger operator, for energies above the potential barrier. One can obtain exponential estimates onS( 0 ) (see : So] ), by using Corollary 3.7 and resolvent estimates GeMa, JeNa, Is, Wa].
We turn now to some direct applications of Corollary 3.7 to spectral theory. We shall discuss H eff but all the results apply to H also, since they are unitarily equivalent. If Inf x2R n 2 (x) := m 2 < 2;1 : then H eff has discrete spectrum in the interval (m 2 ; 2;1 ) which, up to exponentially small errors, equals the union of the (discrete) spectra of H eff ;j in this interval (see Ne2] (The last series is a convergent for su ciently small jTj since N 0 0 (r; T) is, for su ciently small T, a convergent series and has no constant term ).
We state now a well known result on composition of pseudodi erential operators. Given a symbol a 2 S m A (hxi ? ) we denote by Op w (q(x; ; )) we denote the -pseudodi erential operator which, for 2 C 1 0 (R n ; R k ) is dened by the oscillatory integral Op w (a(x; ; )) = (2 ) The last result we collect is the Calderon-Vaillancourt theorem:
Theorem 3.7 Let a(x; ; ) 2 S 0 (hxi ? ). Then, there exists M > 0, p 2 N depending only on n; m; such that kOp w (a)k Mj j jaj j j p; (3.11) For the proof of the theorem see for example Ro] .
